Abstract: We want to investigate the stochastic parameters, drift and diffusion, in Fényes' and Nelson's approach of stochastic mechanics. In contrast to the postulate of a constant diffusion parameter, we consider coordinate dependent alternatives. Therefore, we assume that the trajectory of a particle can be described by a continuous stochastic process with space-and/or time-dependent diffusion. For an illustration of the main features that can be explained within this context, we examine the time-evolution of the free particle with the Gaussian (minimum-uncertainty) initial state and obtain a time-dependent diffusion ∝ t. Until now there has been a variety of views concerning the general position of quantum physics in natural science. This variety appears clearly in the measurement theory, which is a necessary part of any consistent description of physical phenomena on the quantum level. Philosophically, one may consider measurement as something fundamental, as an ultimate source of information. In this case the systematic knowledge of the phenomena, described in the physical theory, is then only another expression for the correlated data. In measurement theory, the central dilemma starts with Bohr's insistence on the 'wholeness' of the system and the apparatus during the measurement. Physically, the 'wholeness' may be conceived as something non-analyzable, something which should be presented only through its manifestation, i.e. the complementarity or the impossibility of a unique reduction of a quantum ensemble into pure state sub-ensembles. On the other hand, there is the viewpoint insisting on the fact that it should be analyzable, even, if necessary, by using entities which are abstract in the sense of their being unobservable. This alternative is known as the search for hidden variable theories, the term referring to the aim of understanding the quantum probability features in analogy with the probability theory as used in classical mechanics. One such theory was proposed by de Broglie [1] and was later developed by Bohm [2] . In this work the particle velocity was identified with the current velocity, and Bohm interpreted the deviation from the Newtonian equations of motion as being due to a quantum-mechanical potential associated with the wave function 1 . However, instead of assuming a quantum-potential, the 1 The invention of such a model beyond von Neumann's hidden variable theorem [3] is of great importance, since it demonstrates that the prevailing theory of quantum phenomena with the corresponding interpretation of its mathematical formalism is not the only possible one.
motion of the particles could be understood in terms of a Markov process where the FokkerPlanck equation, although being formally different from the Schrödinger equation, is still valid in quantum mechanics by taking the square modulus |ψ| 2 of the ψ-function. Perhaps the conceptually clearest approach is within the context of stochastic mechanics provided by Nelson [4, 5] , see also Fényes and Weizel [6, 7] . They represent an explicit derivation and interpretation of the Schrödinger equation, following the line of thought which is a natural development of reasoning used in statistical mechanics and the theory of Brownian motion.
Stochastic mechanics associates a diffusion process ξ t in configuration space to the nonrelativistic motion of a quantum system. By construction, the probability density ρ(x, t) of the position variable ξ t is equal to the spatial probability density |ψ| 2 of conventional quantum mechanics. The kinematical content in Nelson's framework is based on formalizing the quantum motion as a diffusion process ξ t , governed by the stochastic differential equation [4, 5] dξ
where w t denotes a standard Wiener process with unit variance and mean zero (ν being some positive constant). To complete the kinematical picture, the distribution of the initial value ξ 0 is chosen in a way that it corresponds to the quantum mechanical distribution at time 0. Furthermore, the dynamics has to incorporate the influence of the potential V (x, t). This can either be achieved by a Newton law in the mean [4, 5] or by a stochastic variation principle [8] . As a result of this, we have the osmotic velocity
and the current velocity
which satisfy a set of two coupled partial differential equations
With the corresponding initial conditions, the latter equations fully describe the evolution of the stochastic system. The correspondence to the normalized quantum mechanical wave function ψ(x, t) = e R(x,t)+iS(x,t)
where R and S are real-valued functions, follows from
and the probability density ρ(x, t) of the diffusion process ξ t is given by
From the viewpoint of stochastic mechanics, the Schrödinger equation with potential V (x, t) appears as a linear reformulation of (4) and (5) . It follows from (3), (7) and (8) that the drift of the stochastic process is
Formula (10) shows explicitly the dependence on the state and the dynamical content of the drift. Here, it should be mentioned that the theory up to this point does not give the explicit value of ν. However, this freedom allows to choose the diffusion parameter at will. For instance, Nelson [4] formalized the assumption that macroscopic bodies are not subject to any Brownian motion by setting the diffusion coefficient inversely proportional to the mass, or precisely ν =h 2m . Another interesting suggestion was made by de Broglie [9] . By comparing the phase-differentials of the pure pilot-wave and the pilot-wave with additional perturbation of "subquantique" origin, he obtained ν = 2π 3h m . Although there are certain approximations in his derivation, however, it reflects the qualitative assumptions considered by Nelson. On the other hand, the freedom in the choice of ν has been applied in order to extend the diffusion parameter to the complex plane [10] . Although the formalism can be continued in this way, the physical interpretation of the theory is not possible anymore. But, the analysis becomes simpler at one special complex value of the diffusion parameter ν = ± ih 2m , and the algebra of the familiar quantum operations is may be recovered [11] . However, it does not seem reasonable to us to assume that there exists a constant diffusion coefficient being independent of position or time, nor that there exists a special one of universal significance for any physical system. In order to explain it in more detail, let us suppose that the trajectory of the particle could be described by a continuous stochastic process with time-and spacedependent diffusion coefficient D(x, t). Then, the probability density of the particle obeys a Fokker-Planck equation [12] of the form
with certain drift vector µ(x, t). Now, if we define a vector fieldμ(x, t) bỹ
Eq (11) can be transformed into
By adding Eqs (11) and (13), we obtain the corresponding continuity equation [12] ∂ρ(x, t) ∂t
where we have introduced the velocity of the probability current
and the osmotic velocity is
In order to connect the stochastic process with ordinary quantum mechanics, we identify v(x, t) with the correct velocity of the quantum probability current
From Eqs (15) and (17), then we find the essential expression
The first term is not part of the ordinary analysis of stochastic mechanics, but expression (10) can be found again in the case of constant diffusion, e.g. D =h 2m . However, to illustrate the central features that can be explained by this equation, we examine the simple case of the free particle in some more detail. In the standard position representation, we consider the initial state of the normalized Gaussian wave packet [13] ψ 0 (x) = (2πσ 0 )
where σ 0 is the width of the packet in each direction, and let x i = 0 for i = 1, 2, 3. Moreover, we have p =hk 0 , so the center of the packet has the initial (group) velocity v 0 =hk 0 /m. Then, the time-evolution in the ordinary Schrödinger-picture leads to the following position representation ψ(x, t) = (2πs
where
The amplitude and phase functions are as follows is the width of the packet at time t in each coordinate direction. The packet has an overall uniform motion with group velocity v 0 and the mean position x(t) = v 0 t, moves like a classical free particle. Applying |ψ| and arg(ψ) to the expression (18), we find the drift vector
Now we obtain the constant drift µ = v 0 corresponding to the mean velocity of the particle, if we chose a time dependent diffusion of the form
with κ :=h 2mσ0 , the asymptotic rate of the dispersion, i.e.σ t ∼ κ. In fact, the drift µ = v 0 could also be found for other possible D(x, t). But the spreading of the wave packet (20) is only time-dependent, and any other solution than (26) would exhibit an additional spacedependency. Since, let us compare our result with Nelson's proposal. In our example, we do not expect the mean square of the infinitesimal displacement to be ∝ dt but ∝ t dt. Moreover, our result depends on the initial width σ 0 of the wave packet. This occurs because the mean square of the infinitesimal displacement of the particle, which is initially stronger peaked, increases faster in time than the one which is initially peaked broadly. And finally, in (26) the ratioh 2m occurs in the second power. But, the latter does not violate Nelson's assumption concerning the irrelevance of the Brownian motion for macroscopic objects. The general solution of the corresponding stochastic differential equation
and we obtain the expectation value ξ t = v 0 t, and the variance of the process is ξ 2 t − ξ t 2 = σ 2 0 + κ 2 t 2 , in agreement with the standard quantum mechanics (24). Moreover, the two-time correlation function is [14] 
However, it should be mentioned, that this quantity should not be compared with the ordinary two-time position correlation of the quantum mechanical measurement process, since the correlations between non-commuting observables, in general, do not allow the characterization with the help of a joint probability distribution. A general statement concerning this question is clearly answered by Nelson's [4] theorem (14.1). It says essentially, that two observables have a joint probability distribution if and only if they commute. But, the position operator applied at different times, does not commute and therefore a joint probability cannot be defined properly. As a consequence, there is no clear extension of the classical correlation function to quantum systems, and various definitions have been considered in different contexts [15] [16] [17] . In fact, these problems are related to the state reduction after the first observation, which irreversibly disturbs the Schrödinger time evolution of the quantum system. Therefore, the analogy between classical probability and quantum mechanics ceases, if we consider microscopic properties of the quantum system at more than one moment of time. A discussion of repeated measurements in the context of stochastic mechanics can be found in [18, 19] .
In the present approach, the finite-time transition probability density can be obtained in solving the Fokker-Planck equation with the initial condition lim t↓t0 P (x 0 , t 0 |x, t) = δ(x−x 0 ). In one dimension the solution is
Now, let us consider the situation where a first observation at t 0 = 0 has found the particle at position ξ 0 . Then, by (19) we know, that the Gaussian measurement error of this observation is σ 0 and the most probable position of the particle is 0. Performing a second observation at t > 0, according to (20) or (27), the result is ξ t . The corresponding joint probability p(x 0 , t 0 ; x, t) of the particle, initially being at ξ 0 and finally at ξ t , is equal to the product of the square modulus |ψ 0 (x)| 2 of the initial state and the transition density (29). Then we compute the proportion of those trajectories which start at ξ 0 and stop outside the forward light-cone, i.e. P (|ξ t − ξ 0 | > ct) = Θ(|ξ t − ξ 0 | − ct) , where the expectation value is evaluated according to the joint probability density 2 . After a few analytical manipulations we obtain
Of course, the validity of this expression is ensured only for the set of states whose initial width σ 0 is much larger than the Compton wave-length λ c =h mc , and the mean velocity v 0 of 2 Θ(x) is equal to 1 for x > 0, and 0 for x ≤ 0.
the particle between both observations is much smaller compared to the speed of light. But, even in the nonrelativistic approach with v 0 ≈ 0, the proportion of acausal trajectories is not zero because we have P (|ξ t − ξ 0 | > ct) ≈ erfc 2σ0 λc > 0 for any finite initial dispersion σ 0 . On the other hand, there are not sufficient many trajectories for a superluminal transmission of information, and the mean waiting-time between them lasts too long. Therefore, our result does not contradict Einstein's requirement of locality.
